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Abstract. In this note it is shown that associating to a principally polar- 
ized abelian variety its de Rham cohomology defines a faithfully flat mor- 
phism of the moduli space of principally polarized abelian varieties in pos- 
itive characteristics to the moduli space of symplectic F-Zips as defined in 
[MWj . 



Introduction 

Let A g be the moduli space of g-dimensional principally polarized abelian 
varieties in characteristic p > 0. If S is any scheme of characteristic p, an 
S- valued point consists of an abelian scheme / : A — > S of dimension g and 
a principal polarization A of A. We can associate to this pair the following 
"linear algebra" datum over S: 

We set M = H^ R (A/S) which is a locally free O^-module of rank 2g. 
The polarization A induces a perfect alternating bilinear form on M. 

There are two canonical spectral sequences converging against the 
de Rham cohomology, namely the Hodge spectral sequence and the con- 
jugate spectral sequence. Both of them induce a filtration on M. Moreover, 
they both degenerate and the nitrations are of the form 

► C := f^\ /s M * R l f^ A/s * 0, 

*~ D := E}U{%\Q,\ /S )) ► M > U{K\to\f S )) " 0- 

Finally, the Cartier isomorphism induces isomorphisms 

ip : {M/C) {p) D, ipi : C {p) M/D. 

This tuple is a "symplectic F-zip of type (g,g) n in the terminology of 
|MWj . In other words, we have constructed a morphism £ from A g into the 
moduli space Z g of symplectic F-zips of type (g,g). We show: 
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Theorem. The morphism £ is faithfully flat. 

In |MWj it was proved that Z g is the quotient (in the sense of algebraic 
stacks) of a smooth variety Zj by the action of the symplectic group G = 
Sp2 g and that the G-orbits on Zj are in natural bijection with elements in 
Wj\W where W is the Weyl group of G and Wj is a certain Levi subgroup 
of W. Moreover, a formula for the codimension of each stratum was given. 

In this particular case, Wj\W can be identified with {0, l} 9 and the 
codimension of the G-orbit corresponding tou= (ej) £ {0, I} 9 is equal to 

9 

<7(<? + l)/2-5>0 + l-i). 

i=l 

Every G-orbit Zj in Zj defines a locally closed substack Zg of Z g . The 
inverse images of these substacks in A„ are the Ekedahl-Oort strata A™, of 
A g as defined in |()oj . As dim(.A g ) = g(g + l)/2, the flatness of £ implies: 

Corollary. Foru = (e,) £ {0, l} 9 let A™ be the corresponding Ekedahl-Oort 
stratum. Then Aq is equi- dimensional and we have 

9 

dim(yi«) = ^e i (^ + l-i). 

i=\ 

This has also been shown by Oort in |()oj by different methods (the 
elementary sequence <p in the terminology of loc. cit. is given by (p{i) = 
£l H h Ei). 

We will now give a short overview over the structure of the article. In 
the first section we fix some notations from the theory of reductive groups. 
In section 2 the moduli space of principally polarized abelian varieties is 
defined. Section 3 contains the development of the main technical tool for 
the proof of the flatness. Here we define split Dieudonne displays. On one 
hand they are related to Dieudonne displays defined by Zink [Zij and we 
will use Zink's theory for our proof. On the other hand we can express the 
datum of a split Dieudonne display in a purely group theoretical way (see 
l|3.8Jl ). In the last section we define the morphism of (a cover of) our moduli 
spaces to (a cover of) the moduli space of F-zips with additional structures 
and then show that this morphism is flat and surjective. 

Notation. Let G be a group, X C G a subset and g € G. Then we set 
9 X = gXg-\ 

1 Preliminaries on reductive groups 

(1.1) Let fc be a field and let G be a connected reductive group over k. 
We fix an algebraic closure k of k. We denote by Bor^ the scheme of Borel 
groups of G. 
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In Bore x Bore we define the subscheme SP whose S'-valued points con- 
sists of those pairs (B,B r ) of Borel subgroups of Gs such that fppf-locally 
there exists a maximal torus T of G which is contained in B and B'. In this 
case we say that B and B' are in standard position. 

The group G acts on SP by simultaneous conjugation and the fppf- 
quotient of this action is representable by a finite etale fc-scheme Wg. We 
set W := Wq := TV(fc) and call it the Weyl group of G. For any w G W we 
denote the corresponding G(A;)-orbit of SP(fc) by SP"". 

The set W can be endowed with a group structure: For w, w' G W choose 
(Bi,B 2 ) G SP W and (B[,B' 2 ) G SP W ' such that B 2 = B[ and such that the 
three Borel subgroups B\, B 2 = B[ and B' 2 contain a common maximal 
torus (this always can be done). Then we define the product ww' as the 
G-orbit of (B 1: B 2 ). 

For any w G W we define the length of w as 

£(w) = dim(SP u ') - dim(Bor). 

We call the set I := Iq '■= { w G W \ £(w) = 1 } the set of simple elements 
in W. 

It is well known that (W, I) is a Coxeter group and that £ is the usual 
length function with respect to the Coxeter base I (see |Luj 7.3). 

The canonical map SP(fc) — > W is denoted by relpos and relpos(5, B') 
is called the relative position of -B and B'. 

(1.2) Let G — ► G' be a homomorphism of reductive groups such that 
the induced homomorphism (p ad : G ad — > G' ad of adjoint groups is an isomor- 
phism. Then ip induces an isomorphism (Wg,Ig) —> (Wg'iIg') °f Coxeter 
groups. 

Indeed, it suffices to show that the canonical homomorphism G — > G ad 
induces an isomorphism of Weyl groups. But for every /c-scheme S every 
Borel subgroup of Gs contains the center of Gs and therefore (p induces an 
isomorphism Borg* — * Bor G ad. As the center of G acts trivially on Bore, the 
claim follows. 

(1.3) We denote by Par = Pare the scheme of parabolic subgroups of G. 
The algebraic group G acts on Par via conjugation. The G^-orbits of Parg 
are the connected components of Par^. 

For i G I we say that P G Par(fc) is of type {i} if for all pairs (B, B') of 
Borel subgroups B ^ B' which are contained in P we have relpos(-B, B') = i. 

If P is any parabolic subgroup of G^ , we define the type J as the subset 
of / which consists of those i G I such that P contains a parabolic subgroup 
of type {i}. This sets up a bijection between G(A;)-conjugacy classes in 
Par(fc) and the set of subsets of /. 

For every such subset J we denote by Parj the variety of parabolics of 
type J. This variety is defined over the field extension of k in k over which 
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J C W = W(k) is defined. We denote by 7 j the universal parabolic of type 
J over Parj and by Uj its unipotent radical. 

(1.4) For any subset J we denote by Wj the subgroup of W generated by J. 
Alternatively, Wj can be defined as the set of relpos(-B, B') where (B,B') 
runs through all pairs of Borel subgroups which are contained in a common 
parabolic subgroup of type J. 

For w G W and J,KcI the double coset WjwWk contains a unique 
element of minimal length and we set 

J W K = { w G W | w is of minimal length in WjwWk }• 

We define J W = J W % and W K = $ W K . 

For any two parabolic subgroups P G Parj and Q G Par^ we consider 
the set 

{ relpos(5, C) | B C P, C C Q Borel subgroups } C W. 

Clearly Wj acts from the left and Wk acts from the right on this set, and 
it consists only of a single orbit under this (Wj,Wk)- action. Therefore, 
it contains a unique element of minimal length which we call the relative 
position of P and Q and which we denote by relpos(P, Q) G J W K . 

(1.5) As an example we consider a symplectic space (V, ( , )) of dimension 
2g over a field k and denote by G = GSp(V, ( , )) the group of symplectic 
similitudes of (V, ( , )). Moreover, we denote by G' = Sp(V, ( , )) C G the 
group of symplectic isomorphisms. 

As G/G' = G m is abelian, we have an isomorphism Pare — > P ar c given 
on points by P i— > P n G'. This identifies in particular Bore with Botq/. 
As G is the product of G' and Cent(G), this isomorphism also induces an 
isomorphism Wq- In the sequel we will only consider G' and set 

Bor = Bor^r/ , W = Wc and so on. 

Let S be any /c-scheme. Then Vs = V (g>fc O5 is a free O^-module of rank 
2g, and the base change of ( , ) is a perfect alternating form on Vs- 

Let M be any locally free O^-module locally of finite rank. An O5- 
submodule F C M is called locally direct summand if one of the following 
equivalent conditions holds: 

(1) For every open affine subset U of S there exists a complement F' of F\u 
in M|;7 (i.e. an O^-submodule F' of M\ v such that F\ V ®F' = M\ v ). 

(2) Locally for the fpqc-topology F admits a complement in M. 

(3) The quotient M/F is a locally free 05-module. 
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(4) There exists an open affine covering (Ui = Spec(Aj))j e / of S such that 
for all i e I and every maximal ideal m of A{ the base change 

i <g> /e(m) : F K(m) -► M K(m) 

is injective where t: F — > M is the inclusion homomorphism. 

If F is locally a direct summand of Vs, its orthogonal dual F v C Vg is 
locally a direct complement and therefore its orthogonal F 1 - C Vs is locally 
a direct summand. Here we denote by ( )* the Og-linear dual. 

A flag of Vs is a sequence 

= F C Fi C • • • C F r _! C F r = V s 

of Os-submodules of Vs which are all locally direct summands of Vs- This 
implies that Fj is also a locally direct summand of i^+i. Such a flag is called 
complete if Fj + i/Fj is locally free of rank 1 and it is called symplectic if for 
all z there exists a j such that F^ = Fj. Any symplectic flag is already 
uniquely determined by those members which are totally isotropic. 

We denote by Par' the /c-scheme whose S- valued points are the symplec- 
tic flags and by Bor' the subscheme whose S'-valued points are those which 
consist of complete symplectic flags. These are projective and smooth k- 
schemes. By associating to every symplectic flag over S its stabilizer in 
G' s we obtain an isomorphism Par' — > Par which induces an isomorphism 
Bor' Bor. 

We use this ismorphism to identify symplectic flags of Vs and parabolic 
subgroups of G' s . Two complete symplectic flags (Fj) and (F[) are in stan- 
dard position if and only if Fi + is locally a direct summand of Vs for all 
i, j = 1, . . . , 2g. By passage to the orthogonal it suffices to check this condi- 
tion for those Fi and Fj which are totally isotropic, i.e. for i, j = 1, . . . g. 

Two pairs of flags ((Fi), (Gi)) and ((Ft), (G^)) of Vs are in the same 
G'(S')-orbit if the rank of Fj + Gj equals the rank of F[ + Gj for all i,j = 
1, . . . , g. From this it is easily seen that every G(/c)-orbit of a pair of complete 
symplectic flags in Vj. contains a pair of complete symplectic flags in V. 
Therefore, the finite etale scheme W is the constant scheme associated to 
the set W. 

We describe W: Let ((Fj), (Gj)) be a pair of complete symplectic flags 
in V. For all % there is a unique j = ir(i) such that gr^grf ^ (0). The 
rule i ' ^ 7r(i) defines a permutation of the set {1, . . . , 2g}, i.e. an element 
7r G S2 g - Clearly, two pairs of flags are in the same G-orbit if and only if the 
associated permutations are equal. Moreover, the condition for the flags to 
be symplectic implies that the permutation satisfies the condition 

(1.5.1) 7r(i) + Ti(2g + 1 - i) = 2g + 1 for alH = 1, . . . ,g. 
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Hence we can identify W with the set of tt G S% g satisfying p. 5.1)1 . One can 
check that this defines a group isomorphism. 

The simple elements in W correspond to those G-orbits of pairs of sym- 
plectic complete flags ((Pi), (Gj)) such that there exists an iq G {1, . . . ,g} 
with Fi ytz d and Pj = Gi for all i G {l,...,g} with 2 7^ io- As we 
have Fj- = F<i g -j for all j, this implies P2 9 -i 7^ G2 g -i Q and Pj = Gj for 
all i G {1, . . . , 2g} \ {io, 2g — iq}. Therefore, the set of simple elements / 
consists of {si, . . . , s g } with 

\TiT2g-i, for i = l,...,g- 1; 
[r g , for i = 5. 

where Tj G denotes the transposition of j and j + 1. 

Let J = {si 17 . . . , Si r } be a subset of /. If P is a parabolic of G corre- 
sponding to a symplectic flag (Fj), then P is of type J if and only if for all 
p = 1, . . . , r and for all j the rank of Fj is not equal to i p . 

(1.6) Consider the special case J = {s±, . . . , Then Wj consists of 

those permutation tt GW such that vr({l, . . . , 5}) = {1, . . . , 5}. The map 

Wj ^ S g . tt 1 ► vr| {lj ... i5} 

is a group isomorphism. A symplectic flag is of type J if and only if it is of 
the form (0) C F C Vs where F is locally a direct summand with F 1 - = F. 
The set J W consists in this case of those elements tt G W such that 
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- 1 (l)<Tr- 1 (2)<.--<7T-\g). 



Of course, this implies ir~ 1 (g + 1) < • • • < TT^ 1 (2g). If S = {ji < ■ ■ ■ < j g } C 
{1, . . . , 2g} is a subset of 5 elements such that either i S S or 2j+l- i G S 
for all z = 1, ... ,g, we get a corresponding element tty, G J Vy by setting 

The sets of these E's is in bijection with {0, l} 9 by associating to X the 
tuple (ei, . . . , e g ) with 

fo, ifiGS; 
I 1, otherwise. 

The length of such an element (ei, . . . , e g ) is equal to 

9 



J>(<7 + 1 
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2 The moduli space 



(2.1) We fix a symplectic vector space (V, ( , )) over Q and denote by 2g 
its dimension. We assume that g > 0. Moreover, we fix a prime p > 0. Let 
A be a Z p -lattice in Vq p such that the restriction of ( , )q to A is perfect. 

Let G = GSp(V, ( , )) be the group of symplectic similitudes of (V, ( , )) 
and denote by G' C G the subgroup of symplectic isomorphisms. We con- 
sider G and G' as reductive groups over Q. 

We set S = GSp(A, ( , )), S' = Sp(A, ( , }). These are reductive group 
schemes over Z p whose generic fibres is equal to Gq p and G'q^, respectively. 
Their special fibres are denoted by G and G' , respectively. 

(2.2) We denote by A = A g the Z-groupoid whose fibres over a scheme S 
consists of the category of tuples (A, A) where 

• A is an abelian scheme over S of dimension g; 

• A is a principal polarization of A. 

Then A is a smooth algebraic Deligne-Mumford stack over 7L of relative 
dimension g(g + l)/2. We denote by Ao = A 5) o the reduction A <S>z at P- 

(2.3) Let S be a F p -scheme and let (A, A) be an 5-valued point of .Ao- 
We set M = H^ R (A/S). Then M is a locally free 5 -module of rank 2g 
endowed with a perfect alternating form ( , ) induced by A. Let (3: M ^ 
M* = "KomQ s {M, O5) be the isomorphism associated to ( , ). 

Moreover, M has two locally direct summands, namely C := f*^\^g 
given by the Hodge spectral sequence and D := R 1 f*CK (Q' A ^ s )) given by 
the conjugate spectral sequence. Both C and D are locally direct summands 
of rank g. We have D = D 1 - and C = C-^, i.e. (3 induces isomorphisms 
M/C ^ C* and C ^ (M/C)* (similarly for D). 

Finally, the Cartier isomorphism induces isomorphisms 

<p : (M/C) (p) — D, <p x : — M/D 
such that the diagram 

{M/C) {p) — ► D 

(C*)W +f±- (M/D)* 

commutes. 

(2.4) We denote by (W, I) the Weyl group of G together with its set of simple 
reflections (jl.lj) . Let J C / be the subset of simple reflections corresponding 
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to the conjugacy class of those parabolic subgroups which are the stabilizers 
of symplectic flags of the form (0) C F C Vs (|1.6|) . As G' and G have the 
same adjoint group, the Weyl group of G' is canonically identified with the 
Weyl group of G. 

Via the reductive group scheme S' we have a canonical isomorphism of 
(W, I) with the Weyl group of 9' ® F p = G' . 

(2.5) Lemma. Lei T be any scheme and let M\ and M 2 be two locally free 
QT- m °dules of the same rank with a symplectic form ( , ),-. Then Zariski 
locally on T, the symplectic modules (Mi,( , ) 1 ) and (M2, { , ) 2 ) are iso- 
morphic. Moreover, the scheme of symplectic isomorphisms 

Isom 0r ((M 1 ,(, ) 1 ),(M 2 ,( , ) 2 )) 

is smooth. 

Proof. This is clear. □ 

(2.6) We define two smooth coverings Aq and Aq of Aq as follows: 

For every F p -scheme S the S-valued points of Aq are given by tuples 
(A, A, a) where (A, A) G Ao(jS) and where a is an O^-linear symplectic iso- 
morphism H^ R (A/S) ^ A ® Zp 5 . 

Therefore, Aq is a torsor for the Zariski topology over Aq under the 
smooth group scheme G' . 

The 5-valued points of Aq are given by tuples (A, X,a,C' , D') with 
(A, A, a) G .Ag and where C and D are totally isotropic complements of 
a{C) and of a(D) in A O5, respectively. 

3 Dieudonne displays with additional structures 

(3.1) In this section we will always denote by R a complete local Noetherian 
ring R with perfect residue field of characteristic p. lip = 2, we also assume 
that pR = 0. 

We will endow Dieudonne displays in the sense of Zink [Zy with addi- 
tional structures. We use freely the terminology of loc. cit.. In particular, we 
have the ring W(R) which is endowed with Frobenius a and Verschiebung 
r (which are denoted by F and v , respectively, in loc. cit.). The kernel of 
the canonical homomorphism W(R) — > R is denoted by Ir. Note that we 
have W(k) = W(k) if A; is a perfect field. There is a unique structure of a 
Zp-algebra on W(R). 

For every ll / ( J R)-module M we set M a = W(R) te^wrm M - If M is 
of the form M = A ® Zp W(R) for some Zp-module A, we have a canonical 
isomorphism M a = M which we use to identify these two W (R)-modules. 
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(3.2) Let X be any W^it^-scheme. Then the ring endomorphism a of W{R) 
induces a map a: X(W(R)) — > X(W(R)). We will use this notation in 
particular for the group scheme X = S ®z W"(i2) and for the scheme of 
parabolics of S ©z p W(R). 

(3.3) Definition. We sei M := A<g>z W(R). Then M carries a symplectic 
form ( , ). A split symplectic Dieudonne display over R consists of a tuple 
(S,T, F^V^ 1 ) where S and T are totally isotropic W(R)-submodules of M 
such that S ®T = M. Further F: M c — ► M and V~ x : Q u M are 
W(R)-linear maps where Q := S © IrT = S + I(R)M C M. The following 
properties are satisfied: 

(a) V~ l is surjective. 

(b) For all x G M and u; G W"(i2) we /iave 

F~ x (l ® r(w)x) = wF(l ® x). 

(c) For all y,y' G Q we have 

T((V- 1 (l®y),V- 1 (l®y'))) = (y,y'). 

(3.4) By conditions (a) and (b), the map 

V- 1 ®F: S a ®T a M 

is a surjective W(R)-\m.eax map of free V^(i?)-modules of the same rank, 
hence it is an isomorphism. 

As S and T are both totally isotropic and as M = S © T, we have 

^W(Rp) = lk W(R)( T ) =9- 

(3.5) Using the identity F(l (g) x) = V~ l (l ®t{V)x) it is easy to check that 
Ij3.3|l implies 

<g) y),F(l © x)) = a({y,x)) for all y G Q and x G P, 
<g>x),F(l igix')) = po-((x,x')) for all x,x' G P. 

(3.6) Let (A, A, a) be an valued point of A* (gSJ). Let (M, Q, F, U" 1 ) be 
the Dieudonne display associated to the p-divisible group of A by the theory 
of Zink |25| . 

Moreover, A induces a perfect alternating form ( , ) on the free W(R)- 
module M such that t(V -1 (1 <g> y), V~ l (l <g> y')) = (y,y') for all y,y' G Q. 
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By (|2.5(1 we can find a Vl^(i?)-linear symplectic isomorphism 



a: M A® 

whose reduction modulo is equal to a. We use a to identify M and 
A ® W(R). 

By definition of a Dieudonne display we have a split exact sequence of 
free i?-modules 

C M/IrM M/Q 0. 

We choose a totally isotropic direct summand S of M such that its reduction 
modulo Ir is equal to C and we choose a totally isotropic V^(i?)-complement 
T of S in M. Then (S, T, F, V~ l ) is a split symplectic Dieudonne display 
such that Q = S + I(R)M. 

(3.7) We are now going to give a group theoretic reformulation of the split 
Dieudonne displays with additional structures defined in 1)3.3)1 : For any ring 
R as in (|3.1j) we define Yj(W(R)) to be the set of triples (P,M,g) where 
P C 9ti r , n s is a parabolic of type J, where M C P is a Levi subgroup and 

W (it) 

where <? € S'(#(i?)). 

(3.8) Let (5, T, F, F" 1 ) be a split symplectic Dieudonne display over R. We 

associate an element (P,L,g) in Yj(W(R)) as follows: We define P as the 

stabilizer of the flag C S C M in 9rj«r>i- Then P is a parabolic of type J 

Vv (it) 

by (d). 

Furthermore, L is by definition the stabilizer of the decomposition M = 
S (B T in S'?„ m - Clearly, L is a Levi subgroup of P. 

Vv (it) 

Finally let g be the composition 



Lemma. The map constructed above defines a bisection between the set of 
all split symplectic Dieudonne displays over R and the set Yj{W{R)). 

Proof. Clearly g is a W{R)-\m.eai map. By 1)3. 4 j) it is an isomorphism. Now 
we use 1)3.5)1 to check that g respects the alternating form ( , ) (and therefore 
g € 9'(W(R))): 

Let t,t' E T and write t = ^ w; (8) A» and t' = . (8) A'- with it)'- G 
W^(ii) and Aj, A^ 6 A. As T is totally isotropic, we have 

(t,t') = 0. 
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On the other hand 

(g(t),9(t')) = Yl w i w 'j( F (l ® (1 ® A,)), F(l ® (1 <g> A;-))} 

= ^ WiWjpadl ® Ai, 1 <g> X'j)) 
hi 

= p{^2 Wi <g> Aj, ^ iuj ® X'j) 

i j 

= 0. 

A similar argument shows that (g(s), g(s')) = (s,s') for all s,s' G S. For 

s = Y^i w i ® Ai G 5 and i = ]T] • (g> A^ € T we have 

(g(s),g(t)) = Yl VidjiV-Hl ® (1 ® Ai)),F(l ® (1 ® A$))> 

U 

= ^ Wj^-cr((l g) Aj, 1 ® A^)) 
* j 

= (8,t). 

This shows that (P,L,g) G Y>(W(i2)). 

We construct an inverse map: Let (P, L, g) be in Yj(W(R)). We let S be 
the unique direct summand of M such that its stabilizer is equal to P and 
let T C M be the unique direct complement of 5 such that the stabilizer 
of the decomposition S © T is equal to L. Further we set for t G T, s £ 5, 
u; G 

*)=£[(*), F(l®a)=p5(a), 
® r(w)t) = wg(t), V-\l ® s) = £(«), 

Clearly is surjective as is surjective. Moreover, we have for w G 
W"(JJ), i G T and s G 5 

V~ X (l ® r(io)t) = w<?(i) = wF(t), 
® t(io)s) = V~ 1 (pw s) = pwg(s) = wF(l s) 

which shows that condition (b) of (|3.3j) holds. A similar although much 
more lengthy calculation shows that condition (c) is also satisfied. 

This shows that (S,T,.F, V" 1 ) is a split symplectic Dieudonne display. 
Clearly this construction defines an inverse. □ 
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4 Flatness of the mod p period morphism 

(4.1) Let wo be the element of maximal length in W and let x be the 
element of minimal length in WjwqWj = wqWj. 

We denote by Zj the functor on F p -schemes which is the Zariski-sheafi- 
fication of the functor Zj which associates to an F p -scheme S the set of 
triples 

(P,Q,U Q gU F{P) ) 

where P C Gs and Q C Gs are parabolics of type J, and where g € G(S) 
is an element such that relpos(Q, 9 P(P)) = x. By |MWj 3.12 this functor is 
representable by a scheme. For any affine scheme S we have Zj{S) = Z'j(S). 

By definition of x we have relpos(Q, 9 F(P)) = x if and only if 
Q n 9 F(P) is a common Levi subgroup of Q and 9 F(P), i.e. Q and 9 F(P) 
are in opposition. 

(4.2) The forgetful morphism Zj — > Parj x Parj which is defined on points 
by (P,Q,UQgUp( P j) h-> (P,Q) makes Zj into a torsor over Par j x Par j 
under a reductive group scheme of dimension dim [P/Up) for any parabolic 
P of G of type J f |MW| 3.11). In particular, Zj is a smooth F p -scheme 
whose dimension equals dim(G). 

(4.3) We denote by Zj the scheme which represents the functor on F p - 
schemes which associates to S the set of triples (P, Q, g) where P C Gs and 
Q C Gs are parabolics of type J and where g € G(S) is an element such 
that relpos(Q,SF(P)) = x. 

Via the forgetful morphismus (P, Q, g) i— > (P, Q) we will consider as 
a scheme over Parj x Parj. 

We consider Uj x P(tlj) as a group scheme over Parj x Parj. Then 
(u, v) ■ (P, Q, g) = (P, Q, ugv~ l ) defines an action of Uj x F(Uj) on Zj over 
Parj x Parj. The fppf-quotient of this action is Zj. 

(4.4) Lemma. The action of Uj x F(lij) on Zj is free and hence Zj is 
a torsor under the smooth group scheme Uj x P(Uj) over Zj. 

Proof. Let (P, Q, g) £ Zj and let it G £/q and u G C^f(P) such that ugv^ 1 = 
g. This implies that gv~ 1 g~ 1 = u G C/q PI 9 Up(py But by definition of Zj, 
9 F(P) and Q are in opposite position. Therefore, ?7q n 9 f7/7(p) = (1) which 
implies w = w = 1. □ 

(4.5) The group G acts on Zj by the rule 

h.(P,Q,g) = ( h P, h Q,hgF(h)- 1 ). 
This induces an action of G on Zj. 
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(4.6) We denote by Yj the F p -scheme which represents the functor which as- 
sociates to every F p -scheme S the set of triples (P, L, g) where P € Parj(S'), 
g G G(S) and L is a Levi subgroup of P. 

We construct a morphism 

Yj * Zj. 

For every S-valued point (P, L, g) of Yj we define Q as the unique parabolic 
of type J such that » _1 Q n P(P) = F(L) ([SUSHI Ex P- XXVI > 4 - 3 -)- Th en 
(P,Q,g)£Zj(S). 

(4.7) Now we relate the moduli spaces defined in (|2,6|) and the varieties Yj 
and Zj. 

We define a morphism 

C-.Ao^Yj 

as follows: To every 5-valued point (A, A, a, C , D') we associate the triple 
(P,L,g) where P is the stabilizer of a(C) in Gs, where L is the stabilizer 
of the decomposition a(C) © a(C) = As, and where g is the composition 

A 5 — A { s p) = a(C) (p) © a(C") (p) — ^ a(D) © a(D') = A s . 

By definition L is a Levi subgroup of P, hence (P,L,g) G Yj(S). 

(4.8) It follows from the definitions that £ induces a morphism 

Af^Zj. 



Theorem. The morphism £ is flat. 

(4.9) We will show that £ is universally open. As Zj and .Aj^ are both 
regular, it then follows from |EGA| IV, (15.4.2), that ( is flat. To show that 
£ is universally open, we use the following criterion. 

Proposition. Let Y be a noetherian geometrically unibranch scheme, let 
X be a scheme, and let f: X — > Y be a morphism of finite type. Assume 
that for every commutative diagram 



Spec(fc) 



X 



(4.9.1) 



Spec(P) 



Y 
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where R is a complete discrete valuation ring with algebraically closed residue 
field k, there exists a surjective morphism Spec(i?) — > Spec(i?) of discrete 
valuation rings and a morphism g : Spec(i?) — > X which commutes with 

Spec(«;(i?)) — «• Spec(fc) X 

f 

Spec(^) Spec(R) — Y. 

Then f is universally open. 

Proof. By |EGA| IV, 14.4.1 it suffices to show that / is open. Let U C X 
be an open subset. By Chevalley's theorem f(U) is contructible. By |AK| 
V, 4.4 it suffices therefore to show that f(U) is stable under generization. 
Let xq £ U and yo = f(xo) £ f(U) and let y\ € Y be a generization with 

y\ + yo- 

By (j4.1U|) below, there exists a diagram like in ()4.9.1|) . We apply the 
hypothesis and find a morphism g: Spec(-R) —* X such that / o g is the 
composition 

Spec(^) Spec( J R) ► Spec(i?') Y. 

The image x\ of the generic point of Spec(i?) under g is a generization of 
xq and hence lies in U as U is open, and therefore y\ = f{x\) S f(U). □ 

(4.10) Lemma. Let Y be a locally noetherian scheme and let f : X — > Y 

be a morphism of schemes. Let xq € X , yo := f(xo) and let y% ^ yo be a 
generization of yo . Then there exists a commutative diagram 

Spec(fc) — X 

i f 

Spec{R) — Y 

where R is a discrete valuation ring with algebraically closed residue field 
i: Spec(ft) > Spec(i?) such that the image of the generic (resp. special) 
point of Spec(i?) under g is y\ (resp. yo) and such that the image of h is 

Xq. 

Proof. There exists a morphism g' : Spec(-R') — > Y where R' is a discrete 
valuation ring such that g'(s') = yo and g'{rf) = y\ where s' (resp. ?/) is the 
closed (resp. generic) point of Spec(i?'). 
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Let m' be the maximal ideal of R' and let k be an algebraically closed 
field extension of n(yo) such that there exist K(yo)-embeddings k{xq) k 
and k(s') k and let R' — > R be a flat local homomorphism of R' into 
a complete discrete valuation ring R with residue field k such that m'R is 
the maximal ideal of R (this exists by |EGA| 0/ 6.8.3). We set g as the 
composition 

Spec(i?) - Spec(-R') — Y 

and /i as the composition 

Spec(ft) ► Spec(/-v(xo)) X. 

□ 

(4.11) Proof of (|4.8|) . By (|4.9|) it suffices to show the following lemma. 

Lemma. Lei k be an algebraically closed field of characteristic p, let 
R = kfej be the ring of formal power series in one variable e and set 
R x = fc[ e Vi»]|. We denote by 

h: Spec(-Ri) Spec(,R) 

the natural morphism. 

Let x = (A, A, a) be a k-valued point of Aq . Let (P,Q, [g]) € Zj(k) be 
the image of x under Q. Denote by (P e ,Q £ , [g £ ]) € Zj(R) any deformation 
of (P,Q,g) to R. Then there exists a deformation x\ = {Ax, Ai, i%, ax) E 
A*(Ri) ofx such that h{({xx)) = (P £ ,Qe, \g e \). 

Proof. Let 7 = {M, Q, F, V~ l ) be the Dieudonne display of the p-divisible 
group of the abelian variety A. The free iy(/c)-module M is equipped with 
a perfect alternating form via A. Moreover, we can fix an identification a of 
M as a symplectic W(k)-module with A®W{k) which lifts the isomorphism 
a Set M £ = A ® W(i?) and M £l = A ® #(i?i). 

We choose submodules S C M and T C M such that (5, T, F, y _1 ) is a 
split symplectic Dieudonne display over k. Let (JP, L, g) be the associated 
element in Yj{W{k)) lEUfl) . 

Let 5 6 [5] be the reduction of 5 modulo p and choose g £ € [g e ] such 
that the reduction of g £ modulo e is equal to g. Set := P e (g># R\, 
Q e< i := P e <8>ij R\ and let g £j i be the element g £ considered as an i?i-valued 
point of 9'- 

Let L e i be a Levi subgroup of P e> i such that 

F(L eA ) = ^Q £A nF(P £A ). 
For any smooth W(fc)-scheme X the canonical map 
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is surjective. Applying this to the scheme of parabolic subgroups of 9w(k) °f 
type J, to the group scheme 9w(k) itself and to the smooth schemes of Levi 
subgroups of fixed parabolic subgroup of Sw(k)> we see that there exists an 
element 

(P £ ,i,L e ,i,g Ejl ) EYj(W(Ri)) 

whose reduction to R\ equals (P S1 , L ei , g £: \) and whose reduction to W(k) 
equals (P, L, g). 

Let (S Ej i,T et i,F ej i,V~i) be the split symplectic Dieudonne display as- 
sociated to (P £il ,L £A ,g £il ) (jSH). We set Q £j i = S e ,i IrT £>1 . Then 
(M Ei i, Q £ ,i, F Ej i, V~i) is a Dieudonne display which lifts 7. Via the cor- 
respondence of p-divisible groups over R\ and Diedonne displays over R\ 
[Zij . the theorem follows from Serre-Tate theory. □ 

(4.12) The morphism (: Aq Zj induces a flat morphism 

(: A [G\Zj] 

where [G\Zj] denotes the stack quotient of Zj by the action of G. For 
every G-orbit O of Zj, the quotient stack [G\0] is a locally closed substack 
of [G\Zj] whose underlying topological space consists of only one point. 
From |MW] 3.25 we know that the G-orbits of Zj are in natural bijection 
to J W . Moreover, we know that the G-orbit O u corresponding to a £ J W 
has codimension dim(Parj) — £(u) in Zj. Therefore, the same holds for the 
substack [G\O u ] of [G\Zj]. 

The inverse image of [G\O u ] in Aq is denoted by Aq. These are just the 
Ekedahl-Oort strata. 

(4.13) Corollary. TheAg foru € J W form a stratification of Aq (i.e. they 
are locally closed and the closure of one stratum is the union of strata). All 
strata A$ are equi- dimensional and we have 

dim(^) = £(«). 

Proof. Clearly the O u (for u G J W) form a stratification of Zj as they are 
just the G-orbits. As ( is open, this is true for the Aq as well. 

Moreover, the unique closed point of the underlying topological space of 
[G'\Zj] is contained in the image of ( (any superspecial principally polarized 
abelian variety is mapped to this point). Therefore the openness of £ implies 
that ( is surjective. In other words, all strata Aq are nonempty. 

As C is flat, it also respects codimension, and hence we have 

dim(A^) = dim(yio) - codim^, Aq) 

= dim(Parj) — (dim(Parj) — £(u)) 
= £(u). 
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□ 



(4.14) Corollary. The morphism 



(:A 



[G\Zj] 



is faithfully fiat. 

(4.15) The dimension formula Q4.13JI has also been shown by Oort in |Uoj . 
Here we give a new proof which can be carried over to arbitrary good re- 
ductions of Shimura varieties of PEL-type. We will come back to this in 



(4.16) We can identify J W as a set with {0, l} 9 (|1.6|) . Further we know 
by |Wd2j that all Ekedahl-Oort strata are nonempty (although this was 
certainly known before). Now the corollary (j4,13|) tells us that the Ekedahl- 
Oort stratum corresponding to u = {e\, . . . , e g } G J W is equidimensional of 
dimension ge\ + (g — l)e2 + ■ ■ ■ + e g . 

(4.17) Now consider the forgetful morphism rj: Zj — > Parj which is defined 
on points by (P, Q, g) \— > P. We know from (|4.2j) that rj is smooth. Moreover, 
by Grothendieck- Messing theory we know that the composition 9 := r/ o 
£: Aq Par j is smooth. We therefore have a diagram of morphisms 



where r] and 9 are smooth and where Q is flat. 
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